ABSTRACT This paper researches observer-based H ∞ synchronization of coronary artery system with input, output time-delays, and external disturbance. By designing chaotic observers for both the master system and slave system, the estimation of the states for master-slave systems has been accomplished. Based on the free-matrix-based integral inequality and Wirtinger-based inequality, the Lyapunov Krasovskii functional (LKF) is constructed to obtain a less conservative synchronization strategy for the chaotic coronary artery system with the existence of state estimation errors and synchronization error. The effectiveness of this control strategy has been demonstrated by some simulations.
I. INTRODUCTION
The research for Chaos synchronization has been widely focused in several scientific areas such as secure communication [1] , neural networks [2] - [4] , financial industry [5] , biomedical [6] , especially in engineering systems and so on [7] - [10] . One prominent feature for chaos systems is their sensitivity to initial conditions as well as perturbations. Small changes may cause the system unstable or poor performance. Chaos synchronization, for the sake of making the outputs of master, slave systems gradually synchronize, has received more and more attention owing to its vast applications and necessity, lots of efforts have been paid to find out effective approaches to ensure the stability of the chaotic systems, such as feedback control [11] , [12] , fuzzy control [13] , sliding mode control [14] , adaptive control [15] , [16] .
The coronary artery system is the artery system that supplies blood to the heart through coronary artery vessels to ensure the heart has enough nutrition and energy to keep beating. It's a complex system that relates to our health. In recent years, an increasing number of mortality induced by heart disease like myocardial infarction is emerged. So the investigation of coronary artery system has considerable practical values. In the literature [17] , the mathematical model of coronary artery system has been obtained and we could see
The associate editor coordinating the review of this manuscript and approving it for publication was Rajeeb Dey. that coronary artery system is a chaotic system. It's well known that it takes some time to output the healthy system states by sensors as well as absorb medication for the diseased system. These can be regarded as output and input time delays that we couldn't ignore. Besides, because of physiological or psychological problems, the patients' emotion may be affected during treatment, the coronary artery system would definitely be influenced by such external disturbance. Not only the time delays but also the external disturbance can induce deadly diseases such as myocardial infarction, coronary atherosclerotic heart disease, etc. Therefore, how to attain synchronization between the diseased system and the healthy system is a significant problem that should be focused. Modified feedback control is studied in [18] to make the two chaotic coronary artery systems synchronize. Sliding mode control and fuzzy control are investigated in [6] which is the fractional-order coronary artery system. However, in the literatures discussed above, the investigations are based on the fact that all the state information is known. For practical chaotic systems, because of its unpredictability and complexity, it's impossible to measure all the state variables directly. Therefore, if the master-slave synchronization can be obtained with unknown state variables, the conservatism will be greatly reduced. Thus, Observerbased control methods which can implement the estimation of the drive-response systems have been widely focused for the synchronization of chaotic systems in the past few decades.
In [19] , T-S fuzzy observer is designed for secure communication with non-ideal channel. [20] introduces a fractional order disturbance observer to measure the unknown disturbance in Genesio-Tesi system. It is well known that coronary artery system is a typical chaotic system, there's so much conservatism with defaulting all the state variables are known. While the investigation for designing observers in coronary artery system hardly received attention. Therefore, it's significant to concentrate on applying observers to coronary artery system.
In addition, how to further reduce the conservatism is always the aim to concentrate in chaotic systems. As the maximum value of time-varying delay bounds is considered as one of the most significant index for representing the less conservatism of stability criteria, many efforts have been paid to obtain upper bounds in time-varying delay systems. Generally speaking, there are two main approaches, the first one is constructing an appropriate Lyapunov-Krasovskii functional which can maintain much more useful information of the system. The second one is through precisely estimate the time-derivative of LKF. In [21] , Jensen inequality is introduced, in [22] , a less conservative method, Wirtinger inequality which concludes Jensen inequality is proposed. Since then, the Wirtinger inequality has been widely used in the estimation of single integral term [23] , [24] . From the literatures proposed above, it turns out that there still exists much conservatism because of the unadjustable parameters. Recently, a free-matrix-based inequality (FMBI) is proposed in [25] , compared with Jensen inequality and Wirtinger inequality, FMBI provides freedom in the form of free weighting matrices in integral inequality, and it turns out that through adjusting free weighting matrices, Jensen inequality and Wirtinger inequality can be considered as special cases of FMBI.
However, there are seldom control strategies which have been proposed by designing observers for the synchronization of the chaotic coronary artery system. Besides, applying FWBI to coronary artery system would be helpful to reduce the conservatism.
Motivated by the above analysis, an observer-based H ∞ synchronization control strategy is proposed for coronary artery system with the synchronization error and the state estimation errors in this paper. The state estimation errors for master-slave systems gradually converge to the origin with the proposed observers. The diseased system gradually synchronizes to the healthy system by a chaotic synchronous controller. The free-matrix-based approach connected with Wirtinger-based inequality and reciprocally convex approach are introduced to estimate the single integral terms. For the purpose of further reducing the conservatism, the triple integral inequality which contains much more useful information of the system is constructed in the LKF and Wirtinger-based double integral inequality is applied to estimate the double integral terms. Moreover, utilize H ∞ control approach to against the disturbances. A numerical example is given to show that this control strategy makes the system robust.
Main Structure: Section 2 provides the problem formulation and preliminaries. Section 3 presents the synchronization control strategy. Section 4 is the simulation results. Section 5 describes the conclusion.
Notations: R n represents n-dimensional Euclid space. · and * denote the vector Euclid norm and the diagonal of symmetric matric respectively. Sym{Y } is defined as Y + Y T .
II. PROBLEM FORMULATION AND PRELIMINARIES
The coronary artery system which is given in [17] is:
where the state vector x 1 denotes the fluctuation of the inner diameter and x 2 represents the pressure of coronary artery vessel, time variable is given as t. c, d and τ represent system parameters and satisfying cτ − τ d > 0. The changes of τ can be characterized as the pathological changes of coronary artery vessel [17] . c and d would change respectively with different coronary artery vessel radius and different inner diameter. Ecosωt is regarded as the period disturbance existing in the blood vessel from a biological point of view [26] . For the sake of making system(1) more simplified, the healthy coronary artery system can be expressed as:
The system which is suffering from heart disease can be written as :
where
are the state vectors for the master system and slave system, y m (t), y s (t) are the output vectors,
T are the nonlinear function vectors, v(t) = [0, Ecosωt] T represents period disturbance, the matrices H, A and C can be defined by c, d, τ, and some constants. u(t − r(t)) is the control input vector and (t) = [ 1 (t), 2 (t)] T describes the uncertain external disturbance. Our main purpose is to synchronize the diseased system with the healthy coronary artery system. However, considering the actual situation, it's unable to measure the full state variables of the healthy and diseased systems. Therefore, the state observers for the master-slave systems are constructed as the following: 
. L m and L s are the gain matrixes of the observers for the master system and slave system respectively. Meanwhile, taking the output time-varying delay of the sensor into consideration, we can obtain y m (t) = Hx m (t − r 1 (t)),ŷ m (t) = Hx m (t − r 1 (t)),y s (t) = Hx s (t − r 1 (t)),ŷ s (t) = Hx s (t − r 1 (t)).
The state estimation error systems are:
As is well known, it takes time for the diseased system to absorb medication, in order to make the diseased system synchronize to the healthy system, a state feedback controller is designed with input timevarying delay as :
Defining e(t) =x m (t) −x s (t), from (4) and (5), the synchronization error system could be written as:
where the time-varying delay function r i (t) ∈ [r m , r M ], it's derivativeṙ i (t) ≤ r id , r m , r M and r id are given positive integers, i ∈ 1, 2, The observer and controller gain matrixes can be calculated by feasible L m , L s and K respectively. For the sake of obtaining the synchronization criterion to make the diseased system synchronize to the healthy system, the Assumption and Lemmas are given as follows.
Assumption 1: The nonlinear function vectors satisfy Lipschitz conditions, where J i (i = 1, 2, 3) are constant matrixes with appropriate dimensions:
The following inequalities can be obtained:
(t)e (t) (15)
Lemma 1 [25] :
and Q 2 ∈ R 3n * 3n , P 1 , P 2 ∈ R 3n * n which represent any matrices satisfying :
We can obtain the following inequality:
Lemma 2 [22] :
The following inequality holds:
Lemma 3 [27] : In an open subset B of R m ,define positive value H i : R m → R. Over B, the reciprocally convex combination of H i satisfy:
Lemma 4 [28] :
III. OBSERVER-BASED H ∞ CONTROL FOR SYNCHRONIZATION OF CORONARY ARTERY SYSTEM
A novel synthesis criterion for the observers and controller has been proposed in this section to make the chaotic coronary artery system less conservative. Theorem 1: In system (6), (7), (9), e m (t),e s (t) and e(t) asymptotically converge to zero by applying the state observers (4)(5) and feedback controller (8) 
Then L m , L s and K can be obtained:
Proof: Consider the LKF which is constructed as:
where 
where Taking the time derivative of V (t) (28) based on the conditions discussed above:
wherė 25 − n 29 , F 11 = P 1−11 n 1 + κ 1−12 P 1−11 n 5 + κ 1−13 P 1−11 n 6 + κ 1−14 P 1−11 n 7 + κ 1−15 P 1−11 n 8 , F 12 = κ 1−12 P T 1−11 n 1 + P 1−22 n 5 + P 1−23 n 6 + P 1−24 n 7 + P 1−25 n 8 , 
with 
From inequality (39), we have:
The real number θ i1 , θ i2 satisfy θ i1 > 0, θ i2 > 0 and θ i1 + θ i2 = 1(i = 1, 2, 3). Then matrices S j (j = 1, . . . , 6) with appropriate dimensions are introduced, such that
Applying Lemma 3 to inequalities (40)(41), we have
Using Lemma 4, ξ i4 (t), ξ i5 (t) can be transformed as the following:
where Meanwhile, H ∞ performance is defined by J (e(t), (t)):
Considering the zero initial conditions, we can obtain J (e(t), (t))
To apply congruence transform, multiplying both sides of
and employing Schur complements, the inequality (24), (25) can be induced. Similarly, multiplying both side of matrices (38) with diag P −1
11 and matrices (43) with diag P −1
11 , we can get inequality (26) (27) , where
,
This completes the proof. Because of the nonlinear terms such as
, the feasible solution can't be calculated by LMI tool box. In order to make them linearized, the cone complementary linearization algorithm(CCLA) is introduced [29] . Define new variables T 1x (x = 1, 2, 3, 4) satisfying
Applying Schur complements, (54) can be transformed into:
Then, the nonlinear optimization problem can be expressed as:
Phase portrait of the normal coronary artery system. subject to
Similarly, the constraint (55)(56) can be converted into:
The nonlinear optimization problem can be written as:
IV. SIMULATION
The healthy states of the blood vessel can be simulated by the parameters c = 0.15
With different values of τ , the chaotic response would be different which indicates that the chaotic behaviors of the coronary artery system can be represented by different τ . As τ = −0.5, the normal system (1) is shown in Fig.1 without external disturbance, observers or controller. In actual situation the angina symptoms will be relieved quickly by taking appropriate medicine which is effective to dilate the blood vessel. Therefore, in this paper, with appropriate observers (4)(5) and controller (8) , the chaotic symptoms will be disappeared. In order to simulate and verify the effectiveness of the observers and controller which have been designed above, the initial matrices A, C, D, H , J 1 , J 2 , J 3 and the initial conditions of system states are given as
Firstly, the external disturbance (t) and control signal u(t) are applied to system (3) with (t) = sin(40t), sin(30t) T .
To make the calculation simplify, define κ 12 , κ 13 , κ 14 , κ 15 = 0. In order to make e m , e s and e o gradually converge to the origin, we investigate the observer-based H ∞ control strategy with the conditions of r m = 0.05, r M = 0.25, r id = 0.2. When output time-delay r 1 (t) = 0.03 + 0.16 sin(t), input time-delay r 2 (t) = 0.02 + 0.1 sin(t) and disturbance attenuation parameter β = 0.38, applying Theorem 1, we can get: As shown in Fig.2,3 , with the observer (4), state reconstruction of (2) is completed with a few seconds and the state estimation errors e m1 and e m2 gradually converge to the origin. From Fig.4 ,5, the effectiveness of the controller (8) is confirmed. From the simulations we can see that the control strategy given above is efficient for making the chaotic coronary artery system synchronize.
V. CONCLUSION
Considering the complexity of the practical coronary artery system, it's difficult and costly to measure the full system states because of various restrictions. The unknown parameters are one of the main reasons to result in the conservatism of the chaotic system. In order to solve this problem we concentrate on investigating the chaotic observer-based H ∞ synchronization control strategy to against the state estimation errors, the time delays from medicine absorption as well as sensor output, and also the external disturbance from environment. Using free-matrix-based integral inequality, Wirtinger-based inequality, reciprocally convex combination approach, a less conservative observer and controller synthesis criterion is given by linear matrix inequality. The simulation verifies the effectiveness of this control strategy. It should be pointed out that even though the performance of the system has been improved, there are still so many ways for its further improvement. In the future, we hope the optimization algorithms which are proposed in [30] and [31] can be utilized to optimize the parameters of coronary artery system. 
